As an important candidate theory of gravity, Brans-Dicke theory has been widely studied. In this paper, we investigate light bending and gravitational lensing by compact objects in Brans-Dicke theory in weak gravitational field. Firstly, we present a general formalism for calculating higher-order corrections to light bending angle and lensing observables for a static, spherically symmetric and flat spacetime, in which the metric is given in the isotropic coordinates. Secondly, we apply the general formalism to Brans-Dicke theory and get the corresponding light bending angle and lensing observables. Our results show that, although the sums over the low-order correction terms in magnifications of the primary and secondary images do not dependent on the theories of gravity, the sums over correction terms with order higher than three do. Moreover, we show that the total magnification has a non-vanishing first-order correction, rather than a vanishing contribution concluded in the literature. We find that the corrections to lensing observables of BD theory close to those of GR when the parameter ω tends to +∞ from − 3 2 , while opposition occurs when ω tends to −2 from −∞.
I. INTRODUCTION
It is well know that Einstein's general relativity (GR) providing gravity with a geometric description has been confirmed in all observations and experiments up to now. Other alternative theories of gravity were also proposed under different considerations. Brans and Dicke proposed in 1961 a very competitive gravitational theory -Brans-Dicke theory of gravity (BD theory) [1] . BD theory belongs to a sort of the simplest and most important scalar-tensor gravitational theory. In BD theory, the gravitational field is determined by both a scalar field φ and a metric tensor field g ab . Compared with GR, BD theory can not only pass through all gravitational experiments to date, but also explain naturally the accelerated expansion of the universe without introducing the dark energy [2] [3] [4] [5] . BD theory recovers to GR as parameter ω goes to infinity. Therefore, BD theory is regarded as a natural generalization of GR.
To distinguish different theories of gravity, some suggestions based on gravitational effects are proposed. As an important effect of gravitation, the light bending by the sun was predicted by Einstein in 1916 [6] . The bending angle predicted by GR has been confirmed to a high accuracy by many observations since 1919 [7, 8] . The observable phenomena resulting from light bending is called as gravitational lensing (GL), and the corresponding gravitational source is known as a gravitational lens. GL has been studied with great interest in astrophysics as well as in theoretical physics [9] [10] [11] [12] [13] [14] . The first example of GL was discovered in 1979 [15] . According to the strength of gravitational field, GL is divided into strong GL [16] [17] [18] [19] [20] and weak GL [21, 22] . With the help of GL, one can not only obtain some informations about the distant and dim stars, but also probe the dark matter, dark energy and the properties of some strange substances in the universe. Furthermore, GL is widely used to test and distinguish different theories of gravity [22, 23] . It is also regarded as one of * songsp@mail.bnu.edu.cn † Corresponding author; jsyang@gzu.edu.cn the most important tools for quantifying the mass content and distribution in distant galaxies, and for distinguishing naked singularities from black holes [24] [25] [26] [27] . Hence light bending and GL have been active subjects in theoretical research as well as in astronomical observation. Given a static, spherically symmetric metric, we can write it in two convenient coordinate systems, namely the Schwarzschild (standard) and the isotropic coordinate systems. In principle, one can compute in one of coordinates corrections to light bending angle and lensing observables, expressed in terms of the conserved impact parameter b, and obtain the same coordinate-independent results. However, in practice, the metric describing a spacetime has a rather compact formalism in one coordinates than the others. Therefore, let alone an exact analytical relation, even an approximation relation between these two coordinate systems, in their parameterization-post-Newtonian (PPN) formalisms up to a certain order, can not be built. A general formalism of corrections to light bending angle and lensing observables in corresponding orders obtained in one coordinate system can not be conveniently transformed to the other coordinate system. The formalism of these corrections obtained in the Schwarzschild coordinates has been presented in [22, 23] .
In this paper, we study light bending and GL in BD theory. To that end, we first develop a general formalism to calculate corrections of light bending angle to fourth order as well as of lensing observables to third order for a static, spherically symmetric and asymptotically flat metric expressed in the isotropic coordinates. We then apply the general formalism to BD theory in order to explore the difference between BD theory and GR in the lensing observables.
The rest of this paper is organized as follows. In Sec. II, in the isotropic coordinate system, we present a general integration expression of light bending angle in a static, spherically symmetric spacetime around a compact object. Then the PPN metrics are used to calculate the correction to light bending angle as a function of the invariant impact parameter up to fourth order, as well as corrections to observable properties of lensed images (positions, magnifications) up to third order. In Sec. III, applying the general formalism derived in Sec. II to BD theory, we obtain the actual form of light bending angle, positions and magnifications of the lensed images. In Sec. IV, we summarize and discuss our results. Throughout this paper, we use the geometrized units of G = c = 1.
II. LIGHT BENDING AND GL IN THE PPN FORMALISM
In this section, for a static, spherically symmetric and asymptotically flat metric expanded as PPN formalism in the isotropic coordinates, we will derive a general formalism for computing corrections to light bending angle and lensing observables in terms of the invariant impact parameter.
A. Bending angle
For a static, spherically symmetric and asymptotically flat spacetime, its line element can be written in the isotropic coordinates (t, ρ, θ, ϕ) as
where A(ρ) → 1 and B(ρ) → 1 as ρ → ∞. Consider a light ray coming from a source in the flat region along a null geodesic is deflected by a compact object (lens), and then arrives at an observer in the flat region. See Fig.  1 for the schematic diagram. Without loss of generality, the geodesics of the light ray can be taken on the equatorial plane (θ = π/2). Then the orbital equation of the light ray can be written as [14, 28] 
where b ≡ L E is the so-called impact parameter, here E and L are the total conserved energy and angular momentum at infinity, respectively. Denote the light ray's radial distance of closet approach to the lens by ρ 0 at ϕ = 0. Consider dρ/dϕ| ρ=ρ 0 = 0, the impact parameter b is related to ρ 0 by
The light bending angle can be obtained from Eq. (2), which is given byα
It is convenient to express the integral in Eq. (4) in terms of a new variable x = ρ 0 /ρ aŝ
Hence the bending angleα(ρ 0 ) is determined only by A(ρ) and B(ρ). However, the bending angleα(ρ 0 ) in Eq. (4) or (5) as elliptic integral can not be analytical evaluated particularly. In what follows, we assume that the gravitational field outside of lens is so weak that the components A(ρ) and B(ρ) of the spacetime metric can be expanded as a series of the small parameter M/ρ with M being mass of a compact object. In that case, the integral can be approximatively evaluated term by term. It turns out that knowledge of light bending angle to order M/ρ 0 requires knowledge of every term in the metric to the same order.
In the following, we derive the light bending angle up to the fourth order. To do that, we expand the coefficients A(ρ) and B(ρ) in Eq. (1) as a Taylor series to fourth order in M/ρ as follows
where the parameters α, λ, · · · are PPN parameters. The PPN parameters corresponding to the Schwarzschild metric take
Now we expand the term on the right hand side of Eq. (3) as a series in M/ρ 0
where the factors a 1 , a 2 , a 3 , a 4 are respectively
Inserting Eqs. (6), (7) and (9) into Eq. (4) (or Eq. (5)) and then expanding the integrated function as a series in M/ρ 0 to the same order, we can carry out the integration in Eq. (5) term by term to obtain the bending anglê
where
It is easy to see that the above expressionα(ρ 0 ) of bending angle in terms of the radial coordinate distance ρ 0 is coordinate dependent. In the following, we will derive a coordinateindependent expression for the bending angle in terms of the impact parameter b.
We assume that ρ 0 can be expanded as a series of M/b
Putting Eq. (13) into Eq. (9), the factors c i can be determined by requiring the coefficient of each term of (M/b) i is equal to zero, which are given by
Inserting Eq. (13) into Eq. (11) yieldŝ
B. Positions and Magnifications of lensing images
The phenomenon of GL is closely related to the light bending. The geometrical picture of GL is shown in Fig. 1 . The line connecting the observer to the lens is called as the optic axis. When the source, lens and observer are misaligned, two images arise on both sides of the optic axis. The image on the same/opposite side as/to the source with respect to the optic axis is called as the primary/secondary image. In the special case where the lens components are aligned, the image of the source is the Einstein ring around the optic axis. The gravitational lens equation is given by tan
where B and ϑ are the angular positions of the unlensed source and its image, respectively,α is the bending angle, and
LS are respectively the observerlens, and lens-source angular diameter distances. The value of ϑ will be obtained by solving Eq. (17) by perturbation method in the following. Following the reference [22] , we introduce a small parameter
is the angle subtended by the gravitational radius, and ϑ E ≡ √ 4MD/d OL denotes the angular radius of Einstein rings. The variable ε ( 1) will be used as the expanding parameter. The variables B and ϑ in Eq. (17) can be regarded as functions of ε
Now, let us relate the bending angleα in Eq. (15), expressed as a series in the small parameter M/b, to the parameter ε. To that end, we need to build a relation between these two small parameters M/b and ε. Considering the geometric relations sin ϑ = b/d OL and tan
By this way, we arrive at the aim of expressingα as a function α(ε) of ε. Up to now, we have expressed all variables in Eq. (17) as functions of ε. The unknown quantity θ, as a function θ(ε) of ε, is determined by Eq. (17) after inserting the expressions of B(ε), ϑ(ε), andα(ε). It turns out that the n-th accuracy order ofα(ε) in ε can only determine the n − 1-th accuracy order of θ(ε). With the correction ofα(ε) to fourth order on hand, we expand θ(ε) to third order as
Combining Eqs. (19), (20) and (21), and expanding the terms in Eq. (17) as series in ε, and then we obtain the following coefficients θ i by solving the equation (17) term by term
The two solutions in Eq. (22) imply that two images, namely the primary and secondary images, will arise for a source. Since we can not remove the lens, the angle β (or B) can not be observed directly. Without loss of generality, we assume β > 0 (or B > 0). Denote the two solutions by
The corresponding relation can be written in terms of the observable variable ϑ as
On the other hand, if the two angles θ ± 0 (or ϑ ± 0 ) are measured, then the angles β and B can be calculated by
Moreover, we have the following relations
The magnification µ of a lensed image is defined by the ratio between the solid angles of the image and the source as [12, 29] 
To calculate it, we take the derivative of the lens equation (17) with respect to ϑ, and get
On the other hand, we have
Combining Eqs. (19) , (20) , (35) with Eq. (36), we can express the magnification µ in Eq. (34) as a function µ(β, θ i , ε) of β, θ i and ε. We first make a series expansion in ε for µ, then substitute for the values of θ 1 , θ 2 and θ 3 , and replace β by
where 
However, the simplified algebraic relations for higher-order corrections will not be held forever. For instance, sum over the two third-order correction terms yields
in which the relation depending on the values of A i implies that it depends on the theories of gravity in general.
In the case that the positions of primary and secondary images are very close to each other, the total magnification µ tot provides us another observable quantity, which is defined by
Using Eq. (37) and then using Eq. (26) to express θ ± 0 in terms of β, we have
III. LIGHT BENDING AND GL IN BD THEORY
In this section, the general formalism derived in the previous section will be applied to the static, spherically symmetric and flat spacetime in BD theory, which allows us to directly write down the corresponding light bending angle and lensing observables.
In BD theory, the dynamical variables are the spacetime metric g ab and a scalar field φ determined by the following equations
where ∇ a is the covariant derivative operator compatible with g ab , R ab is the Ricci tensor field, R is the scalar curvature, T ab is the energy-momentum tensor of matter, T is the trace of T ab , and ω is the so-called BD parameter. On the contrary to GR, the static, spherically symmetric and asymptotically flat solution to the vacuum BD field equations is not unique. There exist four different vacuum solutions [1, 30] . However only two of them are really independent [31] . Moreover, the solution given in [1] is the only one satisfying some appropriate physical conditions [31] , which corresponds to the line element (1) with the following coefficients [1]
It is easy to see that the solution makes sense only for the BD parameter ω < −2 or ω > − 3 2 . The line element recovers the Schwarzschild line element in the isotropic coordinates when ω → ∞, which reflects the fact that BD theory can be regarded as a natural generalization of GR.
A. Bending angle in BD theory
Making Taylor series expansion in powers of M/ρ for A(ρ) and B(ρ) given in Eqs. (50) and (51), one obtains the corresponding PPN parameters as follows:
Putting these PPN parameters into Eq. (16) yields the light bending angleα
with 3 ,
B. Positions and Magnifications of the lensing images in BD theory
With the bending angleα BD (b) in Eq. (54), we can obtain the positions θ(ε) of the lensing image, by plugging the coefficients in Eq. (55) into Eq. (21), with the expanding coefficients Here the expression of the third-correction θ BD 3 is not shown due to its complicated form.
Similarly, we obtain the magnifications of the lensing image µ(ε) in Eq. (37) 
Here the expression of µ BD 3 is also omitted because of its complicated form.
The total magnification for the BD theory reads 
where n = β 2 − 2 ω+2 + 4 .
IV. SUMMARY AND DISCUSSION
In this paper, we studies light bending and GL in BD theory. Firstly, we presented the integral formalism of bending anglê α(ρ 0 ) in Eq. (4) for a light ray moving in a static, spherically symmetric and asymptotically flat spacetime in the isotropic coordinate system. We then derived, based on PPN metric in the isotropic coordinates given by Eqs. (6) and (7), higherorder corrections to bending angleα(b) in Eq. (15) in terms of invariant impact parameter b by carrying out the integration (4) (or (5)) term by term. Based on the expression of light bending angle, we solved the lens equation (17) to get higherorder corrections to positions of the lensed images θ(ε) in (21) with coefficients θ i in Eqs. (22)- (25) . The magnifications and total magnification of the lensed images were also evaluated, and given in Eqs. (37) and (47). All general expressions of bending angle and lensing observables are characterized by the PPN parameters. Finally, we directly wrote down the light bending angle and the lensing observables by putting the corresponding PPN parameters of the static, spherically symmetric and asymptotically metric in BD theory into the general formalism.
A similar work has been studied for a spherically symmetric metrics expanded as a PPN series in the Schwarzschild coordinates [22, 23] . Since there is an analytic relation between the Schwarzschild and the isotropic coordinates for a spherically symmetric metric expanded as PPN series only to third order, the bending angle in terms of the impact parameter b to third-order terms obtained in this paper coincides with the one in [22, 23] , although different coordinates are adopted to do calculations. The general formalism presented in this paper is suitable for calculating higher-order correction to the bending angle for a metric written in the isotropic coordinates. Moreover, our results show that first-order correction to total magnification µ tot in Eq. (47) does not vanish in general, rather than a trival (vanishing) contribution concluded in [22, 23] . The reason for the two different results obtained in this paper and in [22, 23] comes from different assignments for the positions of source and images. In [22, 23] , the angles of image positions are assumed to be positive, which leads to the position of the source to take on a positive or negative value depending on the image's location. In this paper, we fix the source position β > 0 without loss of generality, which is more suitable for astronomical observation.
Finally, let us investigate the effects of the undeterminated parameter ω in BD theory in numerical analysis. The firstcorrections to the positions, the magnifications and the total magnification of the images as functions of ω for β = 0.5 and D = 0.5 were plotted in Fig. 2 . −3/2 < ω < −22/15 corresponding to A 2 < 0 in BD theory, the positive-parity image will be close to the lens, while the negative-parity image will shift away from the lens due to the first-order corrections θ ± 1,BD < 0. The positive-parity, negative-parity images and the total image get brighter due to µ + 1,BD > 0, µ − 1,BD < 0 and µ tot,1,BD > 0. When ω > −22/15 or ω < −2 corresponding to A 2 > 0, the opposition occurs. Fig. 3 shows the difference between BD theory and GR in corrections to the positions, the magnifications and the total magnification of the primary and the secondary images. The upper three panels show that the leading-order corrections to lensing observables in BD theory close to those in GR when the parameter ω tends to +∞ from −
